We present the most general rotating black hole solution of five-dimensional N = 4 superstring vacua, that conforms to the "no hair theorem". It is chosen to be parameterized in terms of massless fields of the toroidally compactified heterotic string. By performing a subset of O(8, 24) transformations, i.e., symmetry transformations of the effective three-dimensional action for stationary solutions, on the five-dimensional (neutral) rotating solution parameterized by the mass m and two rotational parameters l 1 and l 2 . The explicit form of the generating solution is determined by three SO(1, 1) ⊂ O(8, 24) boosts, which specify two electric charges Q 
I. INTRODUCTION
Recently, certain black holes in string theory have attracted an overwhelming attention due to the fact that it has now become feasible to address their thermal properties in terms of microscopic degrees of freedom associated with the D-brane configuration 1 , describing a particular black hole. In particular, the microscopic entropy of certain five-dimensional BPS-saturated static [2, 3] and rotating [4] black holes as well as that for specific infinitesimal deviations from the BPS-saturated limit for static [5] and rotating [6] five-dimensional black holes have been provided 2 . Interestingly, the "D-brane technology" allows one to calculate the microscopic entropy of certain types of black holes whose explicit classical configurations is either not known or known only for a specific assignment of charges. The purpose of this paper is to fill such a void for the 5-dimensional rotating black hole solutions. Namely, we shall present an explicit form of the generating solution for the general rotating black hole solution of five-dimensional N = 4 superstring vacua, that conforms to the "no hair theorem". We choose to parameterize the general solution in terms of massless fields of the heterotic string compactified on a five-torus (T 5 ) 3 . We use a generating technique by performing a subset of O(8, 24) transformations, i.e., symmetry transformations of the effective three-dimensional action for stationary solutions, on the five-dimensional (neutral) rotating solution parameterized by the mass m and two rotating parameters l 1 and l 2 . The explicit form of the generating solution is determined by three SO(1, 1) ⊂ O(8, 24) boosts δ e1 , δ e2 , and δ e , which specify respectively the two electric charges Q (1) 1 , Q (2) 1 of the two U(1) gauge fields, i.e., the Kaluza-Klein A (1) µ1 and the two-form A (2) µ1 gauge fields associated with the first compactified direction, and the charge Q, i.e., the electric charge of the vector field, whose field strength is dual to the field strength H µνρ of the five-dimensional two form field B µν . The general solution, parameterized by 27 charges, two rotational parameters and the ADM mass compatible with the Bogomol'nyi bound, is obtained by imposing on the generating solution [SO(5) × SO(21)]/[SO(4) × SO (20) ] ⊂ O(5, 21) transformations, which do not affect the five-dimensional space-time. Here the O(5, 21) symmetry corresponds to the T -duality symmetry of the five-dimensional toroidally compactified heterotic string vacuum.
1 For a review on D-brane physics see Ref. [1] . 2 Recently, the microscopic entropy in terms of the degrees of freedom of the corresponding Dbrane configurations for certain (four-parameter) four-dimensional BPS-saturated black holes has been given [7, 8] , while an earlier complementary approach was initiated in Ref. [9] with further elaboration in Refs. [10, 11] .
Our results reproduce the generating solution for the BPS-saturated static [2, 11, 3] and rotating [4, 11] black holes (as well as specific deviations [5, 6] from the BPS limit) as special examples. The mass formula and the area of the horizon for the general BPS-saturated black hole at generic points of the N = 4 moduli and coupling space is written in terms of one rotational parameter, 27 (conserved) quantized charges as well as the arbitrary asymptotic values of 115 moduli fields and the dilaton. Again, the area of the horizon is independent of the moduli and the dilaton couplings.
The paper is organized as follows. In Section II we write down the explicit form of the toroidally compactified effective heterotic string action in D-dimensions, with the emphasis on five-dimensional action and three-dimensional effective action suitable for describing the stationary solutions in higher dimensions. In Section III we give the explicit form of the generating solution, specified by six parameters (mass, three charges and two rotational parameters) and give a subset of T -duality transformations which allow one to write the general solution in terms of the mass, 27-(quantized) charges and two rotational parameters, as well as arbitrary asymptotic values of moduli and dilaton couplings. In Section IV we concentrate on the BPS-saturated solution, and properties of the deviations from the BPS limit. In particular we address the mass formula and the area of the horizon.
II. ACTION OF HETEROTIC STRING ON TORI
In this chapter, we shall discuss effective actions of the massless bosonic fields of heterotic string compactified on tori. The starting point is the following zero-slope limit effective action of the heterotic string with zero mass fields given by the gravitonĜ M N , the two form fieldB M N , U(1)
16 partÂ I M of the ten-dimensional gauge group, and the dilatonΦ (M, N = 0, 1, ..., 9, I = 1, ..., 16) 4 : The compactification of the extra (10 − D) spatial coordinates on a (10 − D)-torus can be achieved by choosing the following Abelian Kaluza-Klein Ansatz for the ten-dimensional metricĜ
where
. Then, the affective action is specified by the following massless bosonic fields: the (Einstein-frame) graviton g µν , the dilaton e ϕ , (36 
are defined in terms of the internal parts of ten-dimensional fields. Then the effective D-dimensional effective action takes the form:
where g ≡ det g µν , R g is the Ricci scalar of g µν , and
gauge field strengths. The D-dimensional effective action (4) is invariant under the O(10 − D, 26 − D) transformations (T -duality) [12, 13] :
where Ω is an O(10 − D, 26 − D) invariant matrix, i.e., with the following property:
where I n denotes the n × n identity matrix.
In particular for D = 5 the effective action is specified by the graviton, 116 scalar fields (115 moduli fields in the matrix M and the dilaton ϕ), 26 U(1) gauge fields, and the field strength H µνρ of the two form field B µν . By the duality transformation:
H µνρ can be related to the field strength F µν of the gauge field A µ . The T -duality symmetry of the effective action is O(5, 21). The equations of motion and Bianchi identities are also invariant under the SO(1, 1) symmetry 5 :
where β is SO(1, 1) boost parameter. At the quantum level, the parameters of both O(5, 21) and SO(1, 1) symmetry transformations become integer-valued.
B. Three-Dimensional Effective Action
The generating five-dimensional charged rotating solution is obtained by imposing SO(1, 1) ⊂ O(8, 24) on the five-dimensional neutral solution. Here O(8, 24) is the symmetry of the three-dimensional effective action of the heterotic string theory compactified on a seven-torus (where one compactified coordinate is time). Such an action is given by:
where h ≡ det hμν, R h is the Ricci scalar of the three-dimensional metric hμν (μ,ν = r, θ, φ). M is a symmetric O(8, 24) matrix of three-dimensional scalar fields defined as
whereM is the O(7, 23) symmetric moduli field andφ is the three-dimensional dilaton.
The action is manifestly invariant under the O(8, 24) transformations:
III. GENERAL SOLUTION
In this Section we briefly spell out the solution generating technique 6 , and the explicit sequence of symmetry transformations imposed on the five-dimensional neutral rotating solution. Then, we give the explicit form of the generating solution. In the last subsection we give explicit subset of five-dimensional T -duality (O (5, 21) ) transformations. 6 A general approach of generating charged solutions from the charge neutral solutions within toroidally compactified heterotic string is developed in Ref. [16] .
A. Solution Generating Technique
An arbitrary asymptotic value of the scalar field matrix M can be transformed into the form
by imposing an O(8, 24) transformation, i.e., (8, 24) ). Thus, without loss of generality we can confine the analysis by choosing the asymptotic value of the form to be M ∞ = I 4,28 and, then, obtain the solutions with an arbitrary value of M ∞ by undoing the above constant O(8, 24) transformation 7 Then, the subset of O(8, 24) transformations that preserves the asymptotic value M ∞ = I 4,28 is SO(8) × SO(24).
The starting point for obtaining the generating five-dimensional charged rotating solution is the five-dimensional neutral solution with two rotational parameters l 1,2 [17] . We choose to write it in the following form:
In terms of the three-dimensional fields (15) is written as: 
We shall proceed with the following sequence of the symmetry transformations on (16) . In order to obtain the explicit form of the generating charged rotating solution, we shall apply three necessary SO(1, 1) ⊂ O(8, 24) boost transformations on the neutral rotating solution (16) , which would yield the generating solution specified by the mass, three charge parameters, and two rotational parameters. We then impose on the generating solution the [SO(5) × SO (21)]/[SO(4) × SO (20)] transformations, i.e., the subsets of T -duality transformations, which do not affect the five-dimensional space-time (and preserve the asymptotic values M ∞ = I 26 and ϕ ∞ = 0), however, they introduce 4+20 additional charge parameters. Thus, one in turn obtains the most general configuration specified by the mass, 27 electric charges and two rotational parameters.
B. Generating Solution
The generating five-dimensional charged rotating solution can be obtained by imposing the following three SO(1, 1) ⊂ O(8, 24) boosts on the three-dimensional scalar matrix M, specified by the neutral rotating solution (16) . The boost transformation Ω e has the following form:
where the dots denote the corresponding zero entries and Ω e1 has the analogous form with the non-trivial entries (with positive signs in front of sinh's) in the {8th, 10th} and (with negative signs in front of sinh's) in the {1st, 3rd} columns and rows. The third transformation Ω e2 has the non-trivial entries (with positive signs in front of sinh's) in the {3rd, 8th} and (with negative signs in front of sinh's) in the {1st, 10th} columns and rows. The above three boosts δ e , δ e1 , δ e2 induce the respective three U(1) charges: Q is the (electric) charge of the U(1) gauge field strength dual to the field strength H µνρ of the two-form field B µν , while Q µ 1 gauge field (gauge field arising from the ten-dimensional two-form field, associated with the first compactified direction).
The final expression of the solution in terms of the (non-trivial) five-dimensional bosonic fields is of the form 8 :
where 8 The five-dimensional Newton's constant is taken to be G D=5 N = π 8 and we follow the convention of Ref. [17] for the definitions of the ADM mass, charges and angular momenta.
The U(1) charges Q ′ s, the ADM mass M and the angular momenta J ′ s are given by:
1 = 4mcoshδ e2 sinhδ e2 , Q = 4mcoshδ e sinhδ e , M = 4m(cosh 2 δ e1 + cosh 2 δ e2 + cosh 2 δ e ) − 6m
1 ) 2 + 4m 2 + Q 2 J φ = 4m(l 1 coshδ e1 coshδ e2 coshδ e − l 2 sinhδ e1 sinhδ e2 sinhδ e ), J ψ = 4m(l 2 coshδ e1 coshδ e2 coshδ e − l 1 sinhδ e1 sinhδ e2 sinhδ e ). (20) Note that solution has the inner and outer horizons at:
provided m ≥ (|l 1 | + |l 2 |) 2 . The generating solution effectively corresponds to the six-dimensional target space background. It would be interesting to map this solution onto σ-model action with the corresponding six-dimensional target space specified by the background fields (20) .
The above solution with Q = Q
(1)
1 , i.e., δ e = δ e1 = δ e2 corresponds to the special case where both the dilaton ϕ and the internal-circle-modulus field g 11 are constant. With the subsequent rescaling of the asymptotic value of the dilaton field ϕ ∞ one obtains the static solutions studied in Ref. [18] and rotating solutions recently studied in Ref. [6] .
C. T -Duality Transformations
The subset of the [SO(5)×SO(21)]/[SO(4)×SO (20) ] transformations yields the following charge assignments:
1 ,
where U 
The subsequent transformation by a constant O(5, 21) × SO(1, 1) matrix allows one to write the solution in terms of the arbitrary asymptotic values M ∞ and ϕ ∞ . 
while the macroscopic entropy S = A/(4G D=5 N ) (here A is the area of the horizon at r + = r − = 0) is of the form:
where the expression has been written in terms of conserved, quantized charges β and α which are related to the physical charges Q and Q (22) in the following way:
While the mass depends on the asymptotic values of moduli and the dilaton coupling, the entropy for the BPS states is a universal quantity [9, 10, 20, 21] , and thus depends only on conserved (quantized) charges β and α.
B. Deviations from the BPS-Saturated Limit
It is useful to obtain the explicit form of the solution that is infinitesimally close to the BPS limit, since in certain specific cases the microscopic entropy can be calculated for such solutions as well [5, 6] .
The deviation from the BPS limit of the generating solution is achieved by taking m small, but non-zero, while keeping other parameters Q 
1 , Q, L 1 , and L 2 finite. We have pursued the expansion of the solution up to the linear order in m. In particular, the solution now has the inner and outer horizon at:
The area of the outer horizon r + can be written as:
1 Q
1 + Q
1 Q + Q
1 Q)
which is correct in the expansion up to the leading order in m, only. The rotational parameters J φ and J ψ are not equal in magnitude and opposite in sign anymore, but are of the form:
while the ADM mass is still conveniently kept as:
Note that in the case where one of the charges is taken small, e.g., Q → 0, as in the recent study of the microscopic entropy near the BPS-saturated limit [5, 6] , the ADM mass is M = M BP S + O(m), while the area is A = O(m 1/2 ). However, when all the charges are taken non-zero the deviation from the BPS limit is of the form M = M BP S + O(m 2 ) and A = A BP S + O(m). In particular, further study of the microscopic entropy for an infinitesimal deviation from the general BPS-saturated limit is needed.
